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ARTICLE INFO ABSTRACT

Keywords: Missing traffic data caused by sensor failures poses a significant challenge to reliable traffic prediction and
Traffic data imputation control. Existing spatiotemporal imputation methods struggle in extreme cases with over 80% missing data
Regularized Tucker decomposition and complex non-random patterns. To address these limitations, we propose the spatiotemporal regularized

Spatiotemporal constraints

. . > Tucker APProach (TuckerAPP), which integrates tensor sparsity with spatiotemporal constraints to jointly
Alternating proximal gradient

capture long-term trends and short-term dynamics. TuckerAPP offers two key advantages: (i) adaptive rank
determination via full-size Tucker decomposition with core tensor sparsity, and (ii) hierarchical spatiotemporal
modeling through graph-regularized spatial factors that encode road network topology and Toeplitz-constrained
temporal factors that capture periodic traffic patterns. We further develop a multi-block alternating proximal
gradient algorithm with guaranteed convergence for large-scale tensors. Extensive experiments on urban traffic
and network flow datasets demonstrate that TuckerAPP consistently outperforms six state-of-the-art baselines
under extreme missing scenarios. These results confirm TuckerAPP’s robustness in preserving spatiotemporal
consistency and highlight its superiority over existing tensor-based approaches.

1. Introduction datasets [6]. Existing methods typically rely on tensor decomposi-
tion or nuclear norm minimization to exploit low-rank priors, while

With the rapid advancement of sensor technologies and intelligent incorporating additional regularizers to maintain local similarity.
transportation systems, the collection of multidimensional traffic data Besides, current tensor-based methods face critical challenges under

extreme missing conditions, particularly when data loss exceeds 80%
or follows complex non-random patterns. Moreover, they often fail to
fully leverage long-term periodic traffic behaviors and spatial consis-
tency across road networks, fundamentally limiting their imputation
performance. Addressing these limitations requires models that can si-
multaneously capture long-term periodicity and short-term variability,
while maintaining robustness against severe data sparsity.

has become increasingly widespread. Road loop sensors capture key
metrics such as speed, flow, and occupancy, while GPS-equipped ve-
hicles record movement patterns, including origin-destination pairs,
travel times, and transportation modes. This rich traffic information is
essential for transportation management and route planning. However,
missing data issues caused by sensor failures, transmission errors, or
adverse weather conditions significantly impact traffic analysis and
forecasting accuracy [1]. Developing robust imputation methods is
crucial for ensuring data continuity and supporting effective traffic
management [2].

Traditional two-dimensional matrix imputation methods fail to fully
exploit the rich spatiotemporal structures inherent in traffic data, often
leading to suboptimal accuracy [3,4]. In contrast, higher-order traffic
tensors preserve natural spatial and temporal correlations, providing a
more comprehensive representation. Over the past two decades, tensor-
based approaches have demonstrated strong capabilities in capturing
short-term dynamics [5] and efficiently processing large-scale traffic

1.1. Literature review

Given the long-term trend and dynamic pattern inherent in traffic
data, research has shown that combining the low-rank assumption with
spatiotemporal constraints often yields superior performance compared
to other methods for traffic data imputation [7,8].

1.1.1. Low-rank tensor imputation
The low-rank property, which captures global correlations, is a
critical assumption in the traffic data imputation (TDI) problem. Ran
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et al. [9] were the first to employ the tensor nuclear norm minimization
method to recover traffic flow. Chen et al. [1] proposed a multi-rank
model based on truncated singular values of tensor unfolding matrices
to address the high computational cost associated with singular value
decomposition. Other studies have also used the low-rank Hankel struc-
ture to capture the long-term trend of sensory traffic data [4]. However,
enforcing low-rankness through the singular values of TDI disrupts the
inherent tensor structure and incurs high computational costs due to
repeated matrix unfolding operations [10].

Low-rank tensor decomposition, which captures traffic patterns by
decomposing the tensor into simpler components, encodes the traffic
information of a specific mode and has a higher parameterization
efficiency in tensor modeling. For example, Tan et al. [6,11] proposed
the Tucker decomposition model to exploit long-term traffic trends.
Yokota et al. [12] introduced a smoothed CANDECOMP/PARAFAC (CP)
decomposition and Chen et al. [13] proposed a Bayesian-augmented
CP decomposition model incorporating traffic domain knowledge to
improve imputation performance. Zhang et al. [14] proposed a tensor
train (TT) model to characterize the global information of the traffic
tensor. He et al. [15] introduced a tubal-rank-based spatiotemporal
imputation model to exploit the hidden structures of traffic tensors.
However, choosing the appropriate tensor rank remains challenging in
tensor-based imputation methods.

1.1.2. Imputation with spatiotemporal constraints

Numerous studies have shown that low-rank tensor models are
insufficient for scenarios with high missing data ratios [16,17]. Traffic
data, with their complex spatiotemporal patterns, have led to the
extensive exploration of various constraint-based methods, including
total variation [18], graph regularization [19], and temporal regular-
ization [8]. Rose et al. [20] were pioneers in analyzing traffic data using
spatiotemporal characteristics within a low-rank learning framework,
accounting for similarities in both spatial and temporal dimensions.
Chen et al. [8] introduced a temporal correlation term to improve their
traffic data imputation model. Additionally, Chen et al. [21] developed
a large-scale framework for traffic data imputation that integrates
temporal regularization with low-tubal rank tensor completion.

The Tucker model offers a distinct advantage in capturing spa-
tiotemporal correlations in traffic data within a subspace [7,17]. For
example, Goulart et al. [22] applied the orthogonal Tucker model with
tensor core thresholding to enhance traffic flow imputation perfor-
mance. Wang et al. [23] proposed a regularized non-negative Tucker
decomposition model to identify interpretable traffic patterns in urban
traffic flows. Su et al. [24] combined the Tucker model with /, norm
regularization of factor matrices to improve imputation accuracy. Pan
et al. [10] introduced a sparse enhanced Tucker decomposition model
to better leverage long- and short-term information for traffic data
imputation. However, many of these existing approaches overlook the
spatial similarity patterns inherent in traffic data, particularly the cor-
relations between nearby sensors. This oversight results in models that
lack robustness when dealing with high missing data rates or structured
missing patterns, as they fail to leverage the spatial redundancy that
could compensate for missing observations.

1.2. Limitations of existing approaches

In reviewing these related works, we observe that most approaches
rely on tensor decomposition or the associated nuclear norm to capture
the essential low-rank prior, while incorporating additional regularizers
to enforce temporal local consistency. The core motivation of our
proposal stems from two critical gaps in current Tucker-based traffic
data imputation methods. First, existing methods either require manual
specification of tensor ranks [10], which is often impractical without
domain expertise, or rely on computationally expensive rank estimation
procedures [25]. Our first key insight is that spatiotemporal feature
tensors naturally exhibit sparse core structures when decomposed using
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full-size Tucker decomposition. This sparsity arises from the multi-scale
nature of traffic patterns, where only a subset of factor combinations
contributes significantly to the traffic dynamics. By enforcing sparsity
on the core tensor through /, norm while maintaining full-size factor
matrices, we perform low-rank representation without requiring prior
knowledge of the appropriate tensor rank.

The second motivation addresses the insufficient exploitation of
spatiotemporal informations in existing methods. Traffic data exhibits
strong spatial correlations due to network topology (nearby sensors
tend to have similar traffic patterns) and temporal correlations due to
periodic patterns (rush hours, weekly cycles, seasonal variations) [7,8].
Our spatiotemporal regularization addresses this limitation through
two complementary mechanisms. For spatial correlations, we employ
graph regularization on factor matrices corresponding to spatial modes,
where the Laplacian structure L captures the similarity between traffic
sensors based on their historical patterns. For temporal correlations,
we introduce Toeplitz-constrained regularization on temporal factor
matrices, which captures the smooth evolution of traffic patterns over
time.

1.3. Contributions

This study proposes spatiotemporal regularized Tucker approach
(TuckerAPP), an enhanced Tucker decomposition model for traffic data
imputation. To address the challenge of rank selection in Tucker decom-
position, TuckerAPP adopts a full-size Tucker decomposition strategy
and characterizes the tensor’s low-rank structure through core tensor
sparsity. In addition, spatiotemporal constraints are incorporated to
improve imputation accuracy, especially under high missing data rates.

» Novel Tucker-based imputation model. We propose TuckerAPP,
which captures long-term traffic patterns via core tensor sparsity,
integrates non-negative factor matrices, and leverages spatiotem-
poral regularization to model short-term dynamics. TuckerAPP
eliminates manual rank selection under full-size Tucker decom-
position. Besides, the non-negativity constraints imposed on fac-
tor matrices further strengthen spatiotemporal correlations and
enhance imputation accuracy.

Efficient optimization. We design an alternating proximal gradi-
ent algorithm with closed-form update rules for all variables. The
algorithm is computationally efficient and comes with theoretical
convergence guarantees, ensuring stability on large-scale traffic
tensors.

Empirical validation. Experiments on two real-world traffic
datasets under both random and structured missing scenarios
demonstrate that TuckerAPP consistently outperforms baselines.
Notably, its superiority becomes more pronounced under extreme
missing conditions, confirming the robustness of the proposed
model.

The remainder of this paper is organized as follows. Section 2 in-
troduces notations and problem formulation. Section 3 presents the
TuckerAPP method with detailed model analysis. Section 4 details
the optimization algorithm and its convergence analysis. Section 5
reports experimental results. Finally, Section 6 concludes the study and
discusses future research directions.

2. Preliminaries
2.1. Notations

We denote the mode-n unfolding operator as X, € Rzl
Based on the Kronecker matrix product ®, we represent the Tucker de-
composition X = Gx U, by X, =U,G(,,V}, V, = (Uy ® - ® U,
U, ®® Ul) and the superscript ‘T’ represent the matrix trans-
pose. We can verify that vec(X) = (Uy ® - ® U, ® - ® U; ) vec(Q) =
®:’=NU,, vec(G). We define X, as a projector that keeps the nonzero
terms and leaves the other values as zero values. Please refer to [26]
for more information on the notation (see Table 1).
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Table 1
Notations
X, U« A tensor, matrix and real value, respectively.
]Ri'x’zx"'“” Set of N-th order non-negative array.
P, (U) Operator yielding a non-negative matrix of
u;; =max (u,J,O) Vi, j.
S,(x) Shrinkage operator with yx in component-wise.
Q,Q Observed index set and its complement.
Xo Observed entries supported on the observed index.
H Tensorization operator.
X, Mode-n product.
®.0 Kronecker product and Hadamard product.
1l Frobenius norm.
X Mode-n unfolding of tensor X.
tr Matrix trace operator.

2.2. Traffic data imputation

Traffic data is typically collected from M sensors over J days with
I time points. The missing multivariate time series is indicated as
Y, € RM*IJ with the observed index set €, as shown in Fig. 1(a).
Prior studies have demonstrated the effectiveness of low-rank tensor
completion methods, which model traffic data as low-rank tensors due
to obvious dependencies in the spatial dimension and in the temporal
dimension. Chen et al. [8] showed that a low-rank tensor can effectively
capture long-term trends in traffic data. However, traffic data tends
to be similar along nearby sensors and correlates at adjacent time
points, reflecting short-term patterns [27]. Existing methods often fail
under such conditions because they rely primarily on global low-
rank assumptions without adequately leveraging local spatiotemporal
structure.

This study introduces the tensorization operator [28] H to stack
one-day traffic sensory data and reshape it into a third-order tensor
X € RMXIXJ Then, an enhanced Tucker decomposition combined
with the spatiotemporal constraints model (TuckerAPP) is proposed
to capture long- and short-term traffic patterns. The main idea of the
TuckerAPP model is to find a low-rank Tucker approximation X for the
traffic tensor. In contrast, the inverse operator Y = %! (®) converts the
reconstructed tensor into the original traffic matrix and then estimates
the missing values.

Mathematically, the proposed model is illustrated by minimizing the
following objective:

2
Pt R, {U,}), s.t, Xo=H(Xg), (€))]

L. 1 N
minimize = ||X - GXx" U
X:Gi(U, ] 2 H %t Un
R(-) is the user-defined regularization constraint to encode structured
priors of the underlying traffic data effectively. Under different missing

scenarios £2, we estimate traffic tensor X by the equation (2)

X=X, +{GxN U,lq @

3. Proposed model

Traffic data often shows multidimensional dependencies in the spa-
tial dimension and in the temporal dimension, resulting in low rank-
ness of traffic data. This section describes the formulation of the
TuckerAPP model using spatial and temporal constraints in a low-
rank Tucker decomposition framework. The proposed model incorpo-
rates four key components, including core tensor sparsity, non-negative
factor matrices, Laplacian regularization, and Toeplitz constraint.

3.1. Sparsity measure

As discussed in the introduction, the key challenge of Tucker decom-
position lies in selecting the appropriate rank. To address this issue,
we penalize the sparsity of the core tensor in the Tucker decompo-
sition. Drawing inspiration from previous studies [29,30], we set a
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full-size Tucker decomposition and characterize the tensor’s low-rank
structure through the core tensor’s sparsity. To further explore this
sparsity, we introduce constraints on non-negative factor matrices [31].
Specifically, applying non-negativity constraints to the factor matrices
leads to better compression performance compared to unconstrained
alternatives [32].

3.2. Spatiotemporal constraints

Previous studies show that traffic data have short-term patterns
along the spatial and temporal modes. The similarity between the rows
of the traffic matrix characterizes the spatial pattern, and the correla-
tions between columns capture the temporal correlation [33]. Recent
research extracts spatiotemporal features using regularization but does
not clearly explain the rationale. Temporal correlations have been
studied, but few papers have discussed spatial similarity. This research
addresses the spatiotemporal correlations relying on the graph regu-
larization and temporal constraint on factor matrices, which leads to
better performance and clearly explains the rationale behind modeling
spatiotemporal features for the TDI problem.

3.2.1. Spatial similarity

To exploit the spatial correlations among traffic sensors, we leverage
the similarity of neighboring nodes to encode the spatial local consis-
tency. Inspired by graph theory [34,35], we employ graph Laplacian
regularization to capture the inherent geometric structure of the traf-
fic network. Specifically, the adjacency matrix of the road graph is
constructed based on the pairwise distances between sensor locations
within the network. For each traffic sensor, we select its p nearest neigh-
bors and construct a similarity matrix using a kernel-based weighting
scheme:

ly; = y,1?
w;; = exp <—'G—2/ s 3)

where y; and y; denote the traffic value of sensors i and j, respectively.
The scaling parameter is fixed to o2 = 1, ensuring a uniform control of
the adjacent matrix distribution. This exponential kernel ensures that
sensors with similar historical patterns receive higher weights, while
dissimilar sensors receive weights approaching zero. The choice of
exponential kernel is motivated by its ability to create smooth, localized
neighborhoods in the pattern space. Unlike binary adjacent matrices
based solely on physical proximity, our similarity matrix captures
functional relationships between sensors based on their actual traffic
behaviors.

Based on the constructed similarity matrix W € R1*/1| we apply
graph Laplacian regularization to capture local spatial consistency:

I I

N

i=1 j=1

w—u|2? = (U'LU), L=D-W, 4)

where u; denotes the column vector of UT, D € Rl is a diagonal
degree matrix with entries d;; = ,[]:| w;;. This formulation enforces
that sensors located closer in the spatial domain produce traffic data
with higher similarity, thereby encoding spatial smoothness in the TDI

problem.

3.2.2. Temporal correlation

The correlations between adjacent time points in the time dimension
are modeled using a temporal constraint [8]. Considering the non-
stationary in the temporal dimension, the original traffic data is often
correlated at adjacent time points. For adjacent j — 1th and jth time
points in the traffic matrix Y, we consider the Toeplitz operator T
defined in the trzaffic tensor X to capture the temporal correlation,
e, |V, =Yoo, = 2%, T

2

1265, T = 6, 0, %, (T0) %y U = [ (10,) (02,0, ©

2
< IO 6%

2 2
UP“F < const. | TU, || -



W. Gong et al.

f—i=1—

Observed

Tensor
operator

Missing

Sensor
network

spatial
Smoothness .

f—i=v— (a)

Spatiotemporal Regularized Tucker
Decomposition

Signal Processing 240 (2026) 110383

U [ ] L] @
Ynm L [ N J [ J
—i-1— im0 —f
Imputed @
Inverse tensor
operator

full-size Tucker decomposition 1

Long-term trends

Time interval

Sensor B
network [N

I ’ Short-term trends

temporal

Fig. 1. Framework of the proposed TuckerAPP model. (a) Problem setup, data tensorization, and estimation: the original traffic matrix Y € RM*!/ with partially
observed entries is reshaped into a third-order tensor X € RM*/*/ via tensorization operator H; the imputed tensor X is then converted back to matrix form
Y = H-1(®). (b) TuckerAPP architecture: the model employs a full-size Tucker decomposition with a sparsity-constrained core tensor. Spatial regularization
is enforced through a Laplacian structure capturing sensor similarity, while fractional difference regularization via Toeplitz constraint exploits temporal local

consistency.

Consequently, we use ||TU||"’F to characterize the temporal correlation
of the traffic data.

Remark 1. Previous studies have applied differential operators on
unfolding matrices as regularization terms to model traffic dynam-
ics in TDI problems [8,24]. However, the traffic dynamics are more
pronounced in the latent space, where Tucker decomposition cap-
tures them more effectively [36,37]. The proposed spatiotemporal con-
straints capture the short-term dynamics by regularizing the factor
matrices within the Tucker decomposition, enhancing interpretability
and improving performance.

3.3. Spatiotemporal regularized tucker decomposition model
Let X0 € RI1*12%XIN be the missing traffic tensor. Based on Eq. (1)

and the aforementioned spatiotemporal constraints, we consider the
following optimization problem

A a1 N 2
minimize F(G, (U, ), %) £ (3 ”X—anzl U, . +aldl;
K ) N v ©)
+ Z‘{ S (U'L,U,) + EIE"HT,,U,,HZF}
n= n=K+

I,x1I,

st, U, eRY " n=1,...,N and X, = X3,

where «, §,,7, are positive penalty parameters, K represents the num-
bers of spatial modes, L, captures the spatial similarity, and T, encodes
the temporal. Notably, imposing non-negativity constraints on the fac-
tor matrix enhances dependencies across spatial and temporal dimen-
sion [38]. Furthermore, the Tucker core tensor becomes sparser [39]
and captures more long-term trends [40].

Remark 2. The Tucker components’ constraint ensures that the Tuck-
erAPP model is well-defined. On the one hand, if all penalty parameters
and non-negative vanish, there are product combinations {4,,,} such
that {4,G, 4,Uy, ..., 4,,,U,} does not change the value of (6). Hence, the
low-rank Tucker approximation may not be a unique solution. On the
other hand, spatiotemporal constraints imply that the gradients of (6)
are Lipschitz continuous and have a bounded Lipschitz constant under

proximal linear operators (See Propositions 1 and 2), which guarantees
that the solution set is nonempty.

4. Solving TuckerAPP model

The nature of our optimization problem in (6) presents a multi-block
non-convex optimization challenge with mixed constraints including
non-negativity constraints and spatiotemporal regularization terms on
factor matrices, sparsity regularization on the core tensor. To solve the
optimization problem (6), we employ the alternating proximal gradi-
ent (APG) method to transform the objective function into multiple
solvable subproblems and iterate alternately to find the critical point.
The proposed algorithm uses the proximal operator to find approximate
solutions of (6), reducing each iteration’s time cost and improving the
imputation performance.

4.1. Optimization for the TuckerAPP model

The TuckerAPP model is the regularized block multi-convex op-
timization problem, which can be solved using the proximal linear
operator and finds an inexact solution. We first transform the (6) in
mode-n unfolding, and the subproblems are given as the following three

types.

+ Basic non-negative matrix factorization

e e 1 T 2 1
mipimize £(U,) = 5 X = UG Vi|s Vo= @ pialpe
@)
+ Graph regularization on factor matrix
L 1 2 B
mllr}'llrznolze U, =3 ”X(n) - UnG(,,)VI - ?" tr (U;LnUn) 8
where L, =D, — W, represents the Laplacian matrix.
» Temporal constraint on factor matrix
S 1 2.7 2
mipimize #(U,) =3 ”X(n) =U,G V. + 5 T Ul C))

where T, is a self-defined temporal constraint matrix.
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Proposition 1. Subproblems (7)—(9) are differentiable and convex. Be-
sides, the gradients Vy ¢(U,) are both Lipschitz continuous with the follow-
ing Lipschitz constant.

HG(n)V;VG(T,,) L+ B Ll Spatial
Ly, =1 [GwVIVGL ], + 7 ITIT, . Temporal
HG(MVEVG(T,,) 5 otherwise.

Then, we can use the prox-linear operator to solve factor matrices
subproblems, i.e.,
LU,,
2

ﬁn = argmin <VU 20,0, - ﬁn> +
U,>0 "

10, = 0,lI3,

where U, denotes the extrapolated point. We take the derivative and
find out

. - 1
=p -
0, +<Un Iy,

Vy, ¢ (Un)> , (10)

where P, (-) projects the negative entries of matrix into zeros.
Secondly, we update the subproblem G using the vectorization
optimization problem

2
minignize % ”vec(X) - ®:,:NU,, vec(g)”F + all vec(Q)|l, = f(Q) + all vec(O)]|;.

Proposition 2. V. f(G) is Lipschitz continuous with the bounded Lipschitz
constant

u'y,

11

Given by the result of Proposition 2, the core tensor prox-linear
function is denoted as

Lo=|®)_yUIu,

x

A . A 5 Lg A2
G= a.rggnm(ng(g),Q—g> + THQ—QHF +allGll;,

where G denotes the extrapolated point. Using the soft-thresholding
operator [41], the result of composite model is given by

. ~ 1 ~
G= 5:’; (G— L—gvgf (g)> an

where S,(-) is ‘shrinkage’ operator defining component-wisely as
S, (x) = sign(x) - max(0, |x| — ).

Third, since spatiotemporal priors are imposed on the factor matri-
ces {U, }, our proposed algorithm follows the sequence G,U;,U,, ..., Uy
in its design. During the kth iteration, the core tensor G¥ is updated by

¢ =S <Gk - ﬁvgf (Gk)>,

Lg c

= (12)

Ak _ ok k k-1 | Lg

G =6"+w, (6"-¢"), o, =min{ —0.9994 | ——}
t Lk
and the factor matrices {U*}
K+l _ skl ik
Ukt =p, [OF - LTVUHK(UH) ,

o 13)

11 I{I_l

" ,0.999 Iz }.
U

Technically, we speed up Algorithm 1 using a parameterized it-

erative shrinkage-thresholding (PIST) scheme [42], given by t* =
0.8+v4(k=1)2+0.8 0=
2 ’ -

Furthermore, we use the control rule [39] to re-update tensor Z* at

the end of iteration k + 1

i e
Uk = U + o (U = U, @ = ming
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2 G = A0 o+ (24 oG XN Uk Yg),  ZM 5 = (O UK Y 6. (14)

where tensor Z¥~!, Z0 = X0 is the last iteration, 0 < ¢ < 1 is a hyper-
parameter, and Q represents the complement of set 2. We ensure that
the value of F (G**!, {Uk+1}, ZK+1) decreases before re-updating the G,
{U,). Once this is achieved, the complete tensor & = X0 + ZK1 5 is
computed as the imputed result when the condition in (15) is satisfied.

”Q o @EFH! - XO)“F “Q o) (YO”: < tol, for some k. (15)

Algorithm 1 APG-based solver for the TuckerAPP model

1: Input: Missing traffic tensor X° € Ri‘“zx'"XlN , € containing in-
dices of observed entries, and the parameters « > 0, g, >0, y, >0,
tol = le™*.

2: Output: Reconstructed tensor .

3: Construct positive semi-definite similarity matrix W, and temporal
constraint matrix T,;

4: Initialize ¢°, U € ]Ri”x"' (1 < n < N) randomly and then processed

by normalization;

: for k=1to K do

Optimize G according to (12);

forn=1to N do
Optimize U, using (13);

end for

10:  Find out Z**! using (14);

11: Reupdate ¢, {U,} when F (¢! (U, },2F) <

F (%, {U,},Z¥) until (15) satisfied.

12: end for

13: return X, = A%, X5 = 2ZK,.

©®NT

The algorithm 1 is an APG-based update procedure with closed-form
solutions for the proposed problem (6), which improves the algorithm’s
efficiency. Since the TuckerAPP model is a nonconvex problem, we
demonstrate the convergence properties of the algorithm using inexact
block coordinate descent [43,44].

4.2. Convergence analysis

Theorem 1. Let the bounded sequence generated by Algorithm 1 be denoted
by ©F = {GF, {U*}}. We can then guarantee that this sequence converges to
a critical point, © = {C, {U,}}.

We present a proof outline in three steps. First, we establish a
square summable result, Y777 ”@"" - @"Hi < o0. Next, we verify that
subsequence ©F converges to a stationary point @ [41]. Finally, the
Kurdyka-Lojasiewicz (KL) property of objective function F guarantees
that © converges to a critical point.

Proof. Square summable: We express (6) as F(©) = F,(0) + F,(0),
0 = {{U,},G}, where F, is either function # or f and F, is either
the /, norm or a non-negative projector. The prox-linear updating rule
indicates

A , ~ A .
6 =argmin (VoF(6),0-6) + =R 16 — 6|3 + Fy(O),
°)

where 6 is the extrapolation point. For any 6% = {{U*}, G} generated
by Algorithm 1, it is worth noting that Algorithm 1 takes L' as the
Lipschitz constant of V4T, (6%), the (16) is satisfied.

F (0% < F (0% + (VoI (6571, 0F — 0% 1)
(16)

Lok
Z—116* — 6" '|I}. forany k=1.....K.

Considering the convexity of F,, F,, then the proximal gradient inequal-
ity assures that

. Lo, » ~0 - . A
F(©) - F(6) > 7||@—@||F+L9(@—@,@—@).
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Given by the results Propositions 1 and 2, we have V4F,(0) is Lipschitz
continuous, which has bounded Lipschitz constant. At the kth iteration
of Algorithm 1, we perform a re-update when F (6F) < F (©%~!). Then
for three successive @2, @*~1 @k, we have
Lk*]
F(OF 1) — F(OF) > %”9/( _ Bk ||2F + ngl <@k—l —o1 ek - ék—l)
k-1 k=2
> LL”@k—l _ @k”2_ _ LL ”6k—2 _ @k—l ”2“
2 F 2
> 8|0k — K12, 5> 0.

It can be inferred that the sequence {[F(©)} is nonincreasing and lower
bounded. Summing the above inequality over k from 1 to K, we have

K
F(0°) - F(OX) > '’ const. 0% — 6%
k=1

Letting K — oo and observing F is lower bounded, we have

k—oo

oo@"-‘—@kz< tim o1 — o> =0
2l [ < oo Jim | [ =0

Subsequence convergence: We set © as a limit point of {@%} de-
pending on the square summable property. Since {F(@*)} is bounded
and continuous, the sequence {©*} is bounded [45]. We ensure the
subgradient of F has a lower bound to generate a stationary point 6.
For the given @* = {{U*}, ¢¥} and 0! = {{U*~1},¢*"!}, we have

L

¢ = argmin (Vof(@'(UD.6-¢") + S 6=} +all vee(@)l
The optimality condition yields
Ve (G (UK ) + alPy = L (K71 = F), for some P, € 0|| vec(O)|;.

g n g 4 g 1
Since V f is Lipschitz continuous, it can be concluded that
dist (0,05F (6%)) < IV (@) = Vg f (G Uy DI + Lg (6 = 6*71)

2
< const. H@k — k1 “F . 17)

Similarly, we have for all U, that
dist (0, dy,F (@k)) < IVy, £(0%) = Vi £(UE G2 + Ly, (UK - UK

2
< const. ”9" — k1 ”F (18)
Then, combining the sub-differentiability property of F and (17)-(18),
we have the subgradient lower bound

2

”PkHiSconst-”ek—@"“u, Pk € oF (6%), Vk=1.2,... K.

F
Referred by Lemma 5 in [46], the limit points set of the sequence 6F
is compact. Then, the subsequence % converges to stationary point 6.

Global convergence: It is straightforward to verify F,,F, are semi-
algebraic functions and then demonstrate that IF satisfies the Kurdyka—
Lojasiewicz (KL) property [46] at O, namely, there exists u,p > 0,5 €
[0, 11, and a neighborhood B(6, p) = {0 : ||© - 6| < p} such that

IF©) —F@)||" < u - dist(0, dF(@)), for all © € B(6, p). 19

Combining the subsequence convergence and KL property, the sequence
©* converges to a critical point © of Eq. (6). []

4.3. Computational complexity analysis

Suppose that X,G € R/1*%In_ The basic computational costs can
be summarized as follows: computing UTU,, requires O(I3); the mode-n

product of tensor G with factor matrix U, requires O (l,, Hjli I ) ; and

reformulating the Kronecker product in G, = G, V, incurs a cost of

2
o\, <H 1 ) . The computational complexity of our APG-based

TuckerAPP algorithm can be analyzed by examining each update step
in the iterative procedure:
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» Factor matrix updates (10). For modes without additional regular-
ization, the main costs arise from Kronecker product operations
O ([T;z, 1?), matrix multiplications, and the projection step O(I?2).
For regularized modes, the graph Laplacian regularization intro-
duces an additional cost of O(k - If), while the Toeplitz constraint
contributes O(I2 log I,).

Core tensor update (11). The gradient computation involves
mode-n tensor-matrix multiplications with complexity ©

(Hﬁ e Zf': . I/z) The #)-regularization is addressed via soft-
. . . N

thresholding, which requires © (H,-:| I ,-).

Tensor reconstruction. Reconstructing X = ¢ x":’: . U, requires

(L, 211X, 1),

Collecting the above results, the per-iteration time complexity of the
APG-based TuckerAPP algorithm can be expressed as

N N N 2 kK N
ol T+ (In) + 2 i+ 3 iwen]. o
i=1 Jj=1 n=1 n=1

i#n n=K+1

which is dominated by the factor matrix updates. The overall per-
iteration complexity is O (Eff: Ly (T I,-)2>, which shows that the
proposed algorithm is theoretically efficient [39].

5. Experiments

In this section, we conduct experiments on two traffic datasets to
compare the TuckerAPP with baselines in different missing scenarios.
The data and code used in the study are available at https://github.
com/GongWenwuu/STRTD.

5.1. Experimental setup

5.1.1. Traffic datasets
We use the following two real world datasets for our experiment
validation.

* (G): Guangzhou urban traffic speed dataset. The original data are
of size 214 x 8784 in the form of a multivariate time series matrix.
We select seven days for our model training and reshape it into
a third-order tensor of size 214 x 144 x 7, that is, (sensors, time,
day).

(H): The Hangzhou dataset captures the flow of passengers in
transit and consists of 80 metro stations. This dataset records
passenger flow every 10 min from January 1 to January 25,
2019. It is structured as a third-order tensor with dimensions
80 x 108 x 25.

To analyze the spatiotemporal characteristics of these data sets, we
first calculate the spatial correlations [6] between various pairs of rows
in the traffic matrix Y. Fig. 2(a) shows the cumulative distribution
function (CDF) of the correlation coefficient, indicating that more than
50% of the sensors in two traffic datasets exhibit strong correlations.
This observation reveals that the sensor network in datasets G and H
has strong spatial correlations. Fig. 2(b) shows the CDF of the traffic
data with the increment rates (IRs) [19]. More than 50% of the IRs of
the data vary between 0.1 and 2, indicating temporal correlation in the
data. These results imply that the proposed spatiotemporal constraints
are essential for our TDI problems.

5.1.2. Missing scenario

For a thorough verification of the TuckerAPP to TDI problem, we
take into account three missing scenarios, i.e., random missing (RM),
no random missing (NM), and blackout missing (BM). Generally, RM
means missing data is uniformly distributed, and NM is performed by
randomly selecting sensors and discarding consecutive hours. At the
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Fig. 2. Interpretation of the spatiotemporal characteristics for traffic datasets.

Table 2

Comparison of baseline models.
Baselines Priors Tensor

Low-rank Spatial Temporal

TuckerAPP v v v third-order
LR-SETD [10] v v third-order
Hankel [4] v YV v fourth-order
StTT [14] v v v third-order
LATC [8] v Vv third-order
LSTC [21] v v third-order
SPC [12] v v third-order

\/ denotes the mentioned method has considered the constraint.

same time, BM refers to all sensors that do not work for a certain period.
We mask the observed index set © and use partial observations for
model training according to the mechanisms.

5.1.3. Baseline models

We select six TDI methods for model comparison: the Tucker-based
method LR-SETD [10], the CP-based method SPC [12], the SNN-based
methods Hankel [4] and LATC [8], the TT-based method stTT [14], and
the tubal-based method LSTC [21]. Table 2 shows the different model
structure results for tensor-based imputation baselines.

5.1.4. Evaluation metrics
To measure the imputation performance, we adopt two criteria,

including mean absolute percentage error (MAPE) and normalized

mean absolute error (NMAE):

u‘ x 100, NMAE =
Vi

it 1% = il
X il

where y; and ; are actual values and imputed values, respectively.

1 n
MAPE = - 21
) @y

i=1

5.2. Implementation details

5.2.1. Parameters setting

The hyperparameter « adjusts the strength of the sparsity term, that
is, the low-rank tensor approximation. In our experiments, « is initially
evaluated in a composite missing data scenario, which includes 99%
RM, 99% NM, and 95% BM, resulting in a sample ratio (SR) of 0.1. As
shown in Fig. 3, an optimal value of « achieves the best performance.
Moreover, the impact of « on the imputation error is minimal, em-
phasizing the robustness of the proposed TuckerAPP model concerning
hyperparameter tuning. Furthermore, we evaluated the performance of
the dynamic correction parameter ¢. Fig. 3 shows that setting ¢ = 0.6
reduces the imputation error in high-level missing scenarios.

5.2.2. Convergence

Fig. 4 (left) illustrates the relative error against the iteration number
for our proposed TuckerAPP model in the SR = 0.1 missing scenario. As
the iterations progress, the value decreases and stabilizes after roughly
100 iterations. This indicates that the solving algorithm is not sensitive
to the initial values and converges well to a critical point.

5.3. Comprehensive results analysis

This section will compare the TuckerAPP method with other base-
lines mentioned in Table 3. For better model comparison, the termi-
nation condition for all experiments is set to (15). Furthermore, the
baseline parameters are optimally assigned or automatically chosen as
described in the reference papers.

5.3.1. Ablation study

To verify the validity of the spatiotemporal regularization, we dis-
cuss the effect of the spatial and temporal constraints in the proposed
TuckerAPP model with different RM ratios. In our experiments, we
calculate the maximum singular value of spatiotemporal constraint ma-
trices to deliver g,,v,, i.e., g, = HX(")“z /20 ||L|l, and y, = “X(’”Hz /206
|TT?|,. Fig. 5 illustrates the impact of spatiotemporal constraints on
datasets G and H. The results show that both spatial and tempo-
ral regularizations enhance imputation accuracy. Specifically, spatial
characteristics play a dominant role in the traffic speed dataset (G),
while temporal characteristics are more critical in the traffic network
dataset (H). Moreover, temporal regularization consistently contributes
more significantly than spatial regularization. In comparison with other
approaches, our method provides a clear and interpretable rationale for
modeling spatiotemporal dependencies.

5.3.2. Overall performance comparison

To demonstrate the superiority of the TuckerAPP model, Table 3
presents the overall performance of the baseline models on the G and H
datasets under various missing data scenarios, with the best error indi-
cators highlighted in bold. In particular, TuckerAPP achieves the lowest
MAPE and NMAE values, consistently outperforming other methods in
all random missing (RM) scenarios. While reconstructing non-random
missing (NM) and block missing (BM) scenarios is more challenging,
TuckerAPP still delivers robust performance. These findings demon-
strate that combining short-term traffic patterns with long-term trends,
using low-rank structure and spatiotemporal constraints, dramatically
enhances the imputation accuracy of the TuckerAPP model.

We calculate the MAPE and NMAE values in different RM sce-
narios (SR changes from 0.90 to 0.05) in Fig. 6. The results show
that TuckerAPP has the lowest value, even for highly missing ones.
Especially when the missing rate is 95%, imputing with the MAPE and
NMAE values results in improvements higher than 3%. The results show
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Fig. 3. Hyperparameter tuning on « and ¢ for the traffic tensor G (left) and H (right) respectively.
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Fig. 5. Illustration of the influence of spatiotemporal constraints for G (left) and H(right).

that TuckerAPP can impute traffic tensors more accurately with fewer
observed data and within a reasonable computational time.

5.3.3. Case study visualization
We present several TuckerAPP imputation examples in different
missing scenarios using the Guangzhou (G) dataset. For random missing

(RM), Fig. 7 shows that the TuckerAPP model maintains consistent sig-
nal trends across various sample rates (SR), as indicated by the number
of purple dots. The results show the model’s ability to impute missing
traffic accurately. Furthermore, the residuals shown in Fig. 8 highlight
that the TuckerAPP model effectively reconstructs the traffic data with
high precision, even in extreme cases where 90% of the data are
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Table 3
Performance comparison of TuckerAPP and other baselines for RM, NM, and BM scenarios.
Data Missing TuckerAPP LR-SETD LATC LSTC stTT SPC Hankel
RM-30% 2.08 2.73 6.46 7.13 10.96 2.17 7.79
RM-70% 5.61 6.58 6.93 6.89 7.88 10.95 11.62
RM-90% 8.94 11.17 10.05 10.44 10.35 11.28 15.11
G RM-95% 11.02 13.55 12.60 16.22 12.25 12.84 17.69
(MAPE) NM-70% 10.81 21.24 10.37 14.76 19.84 15.68 26.43
NM-90% 17.48 57.33 20.89 25.16 22.23 28.97 49.35
BM-30% 9.74 12.68 9.23 10.52 18.12 13.43 9.85
RM-30% 0.0497 0.0501 0.1229 0.1159 0.1196 0.2120 0.3092
RM-70% 0.1435 0.1753 0.1488 0.1935 0.1527 0.2251 0.3178
RM-90% 0.2175 0.2274 0.2328 0.2356 0.2361 0.3764 0.3407
H RM-95% 0.2532 0.2752 0.4809 0.2601 0.3636 0.5124 0.3576
(NMAE) NM-70% 0.1279 0.2722 0.1451 0.2017 0.1297 0.1388 0.6261
NM-90% 0.2312 0.3761 0.2816 0.3051 0.2667 0.3361 0.6928
BM-30% 0.1071 0.2024 0.1562 0.1785 0.0437 0.0422 0.1993
The best results are highlighted in bold fonts.
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Fig. 6. MAPE, NMAE, and computation time for different sample ratios under RM scenarios for datasets G (Top) and H (Bottom).
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Fig. 7. Results of RM scenario on G dataset. This example corresponds to the 81st sensor and the 4th day of the dataset. Purple dots indicate the partially

observed data, and red curves indicate the imputed values.

missing. To further validate the superiority of our TuckerAPP, we plot
the result of the structurally missing scenarios (NM and BM) in Figs. 9
and 10. In this case, accurate imputation and traffic trend learning are
achievable even in severe missing scenarios with TuckerAPP.

6. Conclusion

This paper introduces an enhanced Tucker decomposition frame-
work for the traffic data imputation (TDI) problem. We propose the spa-
tiotemporal regularized Tucker APProach (TuckerAPP) model, which
integrates tensor sparsity and spatiotemporal constraints to enhance
imputation accuracy under high missing data rates. TuckerAPP captures

long-term traffic trends via sparse Tucker decomposition and models
short-term dynamics through Laplacian-based spatial regularization
and Toeplitz-constrained temporal factors. Furthermore, we develop
an efficient and provably convergent alternating proximal gradient
algorithm to solve the resulting multi-block separable nonconvex op-
timization problem. Extensive experiments on two real-world traffic
datasets demonstrate that TuckerAPP consistently outperforms existing
tensor-based baselines across diverse missing data scenarios, including
random and structured missing patterns, as evidenced by Table 3 and
Fig. 6.

Future research directions include: First, while TuckerAPP approxi-
mates low-rank structure through sparse core tensors and non-negative
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Fig. 10. The visualization of TuckerAPP on G dataset under BM scenario with 30% missing. The middle heat map is our TuckerAPP results.

factor matrices, it does not explicitly recover exact Tucker ranks. Future
work could explore alternative rank characterizations, such as factor
matrix rank products, to more precisely encode Tucker rank [30].
Second, extending TuckerAPP beyond imputation to tasks such as spa-
tiotemporal traffic forecasting [36] and urban mobility pattern analy-
sis [27] under missing data conditions would provide broader utility. In
future work, we plan to extend TuckerAPP into a fully functional appli-
cation platform that integrates automated data preprocessing, missing
data recovery, and dynamic visualization for large-scale spatiotemporal
datasets.
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